Abstract. This article is concerned with the dynamical properties of solutions of the time-dependent Ginzburg-Landau (TDGL) equations of superconductivity. It is shown that the TDGL equations de ne a dynamical process when the applied magnetic eld varies with time and a dynamical system when the applied magnetic eld is stationary. In the latter case, every solution of the TDGL equations is attracted to a set of stationary solutions, which are divergence free. These results are obtained in the \ = ?!(r A)" gauge with ! > 0, which generalizes the standard \ = ?r A" gauge. The implications for the limiting case ! = 0 (zero-electric potential gauge) are discussed.
Introduction
In this article, we are concerned with the dynamical properties of solutions of the time-dependent Ginzburg-Landau (TDGL) equations of superconductivity. While the emphasis is on the formal mathematical aspects of the equations, we make every e ort to comply with the physical nature of the problem. We make no simpli cations for the convenience of mathematics, and our rigorous treatment is motivated by known facts from physics. We show that the TDGL equations de ne a dynamical process when the applied magnetic eld varies with time and a dynamical system when the applied magnetic eld is stationary. We work consistently in the \ = ?!(r A)" gauge introduced in 1]
and 2] and deduce by logical arguments the rami cations for the zero-electric potential gauge ( = 0). The \ = ?!(r A)" gauge enables us to rigorously establish the large-time asymptotic behavior and make the connection with solutions of the time-independent GL equations of superconductivity.
Ginzburg-Landau Model of Superconductivity
In the Ginzburg-Landau theory of phase transitions 3], the state of a superconducting material near the critical temperature is described by a complex- The supercurrent density J s is a nonlinear function of and A, J s J s ( ; A) = 1 2i ( r ? r ) ? j j 2 A = ? Re i r + A : (1. 3) The system of Eqs. (1.1){(1.3) must be satis ed everywhere in , the region occupied by the superconducting material, and at all times t > 0. The boundary conditions associated with the di erential equations are n i r + A + i = 0 and n (r A ? H) = 0 on @ ; (1.4) where @ is the boundary of and n the local outer unit normal to @ . They must be satis ed at all times t > 0. Henceforth, the term \TDGL equations" refers to the system of Eqs. (1.1){(1.4).
We assume that is a bounded domain in R n with a boundary @ of class C 1;1 . That is, is an open and connected set whose boundary @ is a compact (n ? 1)-manifold described by Lipschitz-continuously di erentiable charts. We consider two-and three-dimensional problems (n = 2 and n = 3, respectively). The vector potential A takes its values in R n . The vector H represents the (externally) applied magnetic eld, which is a given function of space and time; like A, it takes its values in R n . The function is de ned and Lipschitz continuous on @ , and (x) 0 for x 2 @ . The parameters in the TDGL equations are , a (dimensionless) friction coe cient, and , the (dimensionless) Ginzburg-Landau parameter. The former measures the temporal rate of change, the latter the spatial rate of change of the order parameter relative to the vector potential. As usual, r grad, r curl, r div, and r 2 = r r ; i is the imaginary unit, and a superscript denotes complex conjugation. Sometimes, we use the symbol @ t to denote the partial derivative @=@t.
The order parameter can be thought of as the wave function of the center-of-mass motion of the \superelectrons" (Cooper pairs), whose density is n s = j j 2 and whose ux is J s . The vector potential A determines the electromagnetic eld; E = ?@ t A?r is the electric eld and B = r A the magnetic induction. Equation (1.2) is essentially Amp ere's law, r B = J, where J, the total current, is the sum of a \normal" current J n = E, the supercurrent J s , and the transport current J t = r H. The normal current obeys Ohm's law J n = n E; the \normal conductivity" coe cient n is equal to one in the adopted system of units. The di erence M = B ? H is known as the magnetization. The trivial solution ( = 0, B = H, E = 0) represents the normal state, where all superconducting properties have been lost.
The TDGL equations generalize the original GL equations to the timedependent case. The GL equations themselves embody in a most simple way the macroscopic quantum-mechanical nature of the superconducting state. The generalization, rst proposed by Schmid 4] , was analyzed by Gor'kov and Eliashberg 5] in the context of the microscopic Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity. Although the validity of the TDGL equations seems to be limited to a narrow range of temperatures near the critical temperature, T c , the equations have been used extensively and successfully in large-scale numerical simulations to study vortex dynamics in type-II superconductors; see 6, 7, 8, 9] . We refer the reader to the physics literature 10, 11, 12] for further details.
Previous Work and Outline of Present Work
The TDGL equations have been the object of several recent mathematical studies. Elliott and Tang 13] proved the existence and uniqueness of solutions in two-dimensional domains under some complicated mathematical boundary conditions, using a time-discretization procedure. Subsequently, Tang applied the same methods to the TDGL equations with xed total magnetic ux 14]. Du 15] , using a nite-element approach, established the existence and uniqueness of weak solutions in two-and three-dimensional domains, under the assumption that the order parameter is initially bounded in L 1 ( ). The same results were obtained independently by Chen, Hoffmann, and Liang 16] , who used the Leray-Schauder xed-point theorem. Du adopted the zero-electric potential gauge ( = 0), Chen, Ho mann, and Liang the \ = ?r A" gauge for their analysis.
In 17], Liang and Tang considered the dynamics of the TDGL equations in bounded domains in R 3 , assuming the \r A = 0" London gauge at all times. They claimed to prove the existence of a dynamical system. But since they failed to verify the continuous dependence of the solution operator on the initial data, it is not evident that the solution operator actually de nes a dynamical system. Moreover, the limiting relation displayed in the proof of 17, Theorem 6.1] does not follow from 18, Theorem 4.3.4], as claimed.
Recently, Tang and Wang 19] exploited the formal similarity between the TDGL equations in the London gauge and the Navier-Stokes equations for incompressible uids. They applied the methods developed for the NavierStokes equations to prove the existence of strong solutions in two and three dimensions, weak solutions in two dimensions, and a global attractor for the TDGL equations.
One might think that, with Ref. 19] , the issues of existence, uniqueness, and large-time asymptotic behavior for the TDGL equations had been settled. However, not only are there lacunae in the proofs, but we claim that the methods developed for the Navier-Stokes equations are most unnatural for the TDGL equations. By imposing the London gauge and forcing the TDGL equations into the framework of the Navier-Stokes equations, one turns a standard semilinear parabolic equation into something much more complicated. Although it is true, as our work will show, that the London gauge is the appropriate gauge for the time-independent GL equations, the \ = ?r A" gauge is a natural gauge for the TDGL equations. As rst noted by Tak a c 2], the TDGL equations generate a dynamical system in this gauge, and every stationary solution satis es the London gauge.
In this article, we use a generalization of the \ = ?r A" gauge, which was introduced by Fleckinger{Pell e and Kaper in 1]. The \ = ?!(r A)" gauge, where ! is any nonnegative number, generalizes the standard \ = ?r A" gauge and reduces to the zero-electric potential gauge ( = 0) in the limit ! = 0. The zero-electric potential gauge, which is the preferred choice for numerical calculations, yields a form of the TDGL equations that does not t the framework of the Navier-Stokes equations and is not covered by the analysis of Ref. 19] . Applying the methods developed by Tak a c in 2], we establish rigorously the existence of a dynamical process for the TDGL equations in the case where the applied magnetic eld is time dependent and the existence of a dynamical system in the case where it is time independent. In the latter case, we prove that every solution of the TDGL equations is attracted to a set of stationary solutions, which are divergence free if ! > 0. This result indicates how the stationary solutions of the TDGL equations can be connected to the solutions of the time-independent GL equations. The case ! = 0 is degenerate and needs to be treated separately; in this case, we cannot conclude that the stationary solutions are divergence free.
Following is an outline of the article. Section 2 contains preliminary material. We derive some auxiliary identities from the TDGL equations (Section 2.1), introduce the \ = ?!(r A)" gauge (Section 2.2), and give various estimates that follow from an energy-type functional (Section 2.3). Section 3 gives the formulation of the TDGL equations as an abstract initial-value problem in a Hilbert space. We rst introduce the notation (Section 3.1), homogenize the boundary conditions by means of the applied vector potential (Section 3.2), and de ne the abstract initial-value problem (Section 3.3). In Section 3.4 we prove a regularity result for an integral involving the applied vector potential, which eventually determines the regularity of a mild solution of the abstract initial-value problem. Section 4 summarizes the results of our analysis in three theorems, each with a corollary. Theorem 1 gives an existence and uniqueness result (Section 4.1), Theorem 2 a regularity result (Section 4.2). Both theorems hold when the applied magnetic eld varies with time. A corollary of Theorem 2 is the existence of a dynamical process. Specializing to the case of a time-independent magnetic eld, we obtain a dynamical system whose properties are given in Theorem 3 (Section 4.3). The degenerate case ! = 0 is discussed in Section 4.4. The proofs of the theorems are given in Section 5.
Preliminaries
In this section we establish several auxiliary identities, which follow from the TDGL equations (1.1){(1.4). We also introduce the gauge choice and de ne an energy-type functional for the TDGL equations.
Auxiliary Identities
The TDGL model of superconductivity is a system of semilinear parabolic equations. This is most easily seen if, in Eqs. These identities express the physical fact that the electric eld and the supercurrent are always tangential to the surface of the superconductor.
Gauge Choice
The In the \ = ?!(r A)" gauge, we have, at all times t 0, the identities + !(r A) = 0 in ; !(n A) = 0 on @ :
The second identity can be strengthened. If ! > 0, it simpli es to n A = 0 on @ . If ! = 0, the rst identity reduces to = 0 in ; hence, n r = 0 on @ . But then it follows from the rst identity in Eq. (2.9) that n @ t A = 0, so n A = n A 0 on @ , where A 0 = A( ; 0). By appropriately choosing 0 , we can realize the identity n A = 0 on @ for all times t 0, the same as for ! > 0. Instead of (2.13), we thus have, at all times t 0, + !(r A) = 0 in ; n A = 0 on @ :
(2.14)
In the \ = ?!(r A)" gauge, the di erential equations ( In the \ = ?!(r A)" gauge, the auxiliary identity (2.6), the expres- ?r r A + J s + r H = 0 in ; (2.32) n i r + A + i = 0 and n (r A ? H) = 0 on @ : (2.33) These are the time-independent Ginzburg-Landau (GL) equations of superconductivity. The relationship between stationary solutions of the TDGL equations and solutions of the time-independent GL equations is discussed in a forthcoming article 20].
Functional Formulation
In this section, we formulate the gauged TDGL equations as an abstract evolution equation in a Hilbert space.
Notation
The symbol C denotes a generic positive constant, not necessarily the same at di erent instances. All Banach spaces are real; the (real) dual of a Banach space X is denoted by X 0 . This space is continuously imbedded in W 1;2 \ L 1 .
Reduction to Homogeneous Form
When H 6 0, the boundary conditions (2.17) are inhomogeneous, and it is necessary to rst reduce them to homogeneous form. Proof. The continuity of the mapping H 7 ! A H follows from the regularity results in Georgescu 23] .
We now introduce the reduced vector potential A 0 , A 0 = A ? A H :
In terms of and A 0 , the gauged TDGL equations assume the form 
Gauged TDGL Equations
The following analysis is restricted to the case ! > 0; we comment on the case ! = 0 in Section 4. : (3.24) Here, the positive constants C depend only on A, , and . The statement of the lemma follows.
Results
We present our results in the form of three theorems, each with a corollary. The proofs are deferred until Section 5. Unless indicated otherwise, we assume that the data entering the equations satisfy the following hypotheses:
(H1) R n (n = 2 or 3) is bounded, with @ of class C 1;1 . (That is, @ is a compact (n ? 1)-manifold described by Lipschitz-continuously di erentiable charts.) (H2) : @ ! R is Lipschitz continuous, with (x) 0 for all x 2 @ . (H3) !; T; ; 2 R are constants such that 0 < ! < 1, 0 < T < 1, 
Existence and Uniqueness
Our rst theorem gives the existence and uniqueness of a mild solution of the initial-value problem (3.13). The proof of Theorem 1 is given in Section 5.1.
Theorem 1 Let the initial data (
Observe that the theorem states that ( ; A 0 ) 2 C(0; T; W 1+ ;2 ). To obtain a comparable result for ( ; A), we need the continuity A H in time, which, according to Lemma 4, is controlled by the continuity of H in time. In the hypothesis (H4), we have imposed a minimum condition on H. If The properties of S 0 are considered in more detail in the following section.
Regularity
The Observe that the theorem states a regularity result for ( ; A 0 ). To obtain a comparable result for ( ; A), we need su cient regularity of A H . According to Lemma 4, the regularity of A H is controlled by the regularity of H. In the hypothesis (H4), we have imposed minimum regularity on H. If (H4) is strengthened to H 2 C (0; T; W ;2 ( )] n ), then ( ; A) 2 C (0; T; W 1+ ;2 ). Theorem 2 implies the existence of a dynamical process for the gauged TDGL equations with a time-dependent applied magnetic eld; cf. 25, Section 3.6].
Corollary 2 The mild solutions u(t) of Eq. Corollary 3 The dynamical system S has a global attractor, A. If the set E of all stationary points of S is discrete, then A is the union of E and the heteroclinic orbits between points of E.
Zero-Electric Potential Gauge
Beginning with the functional formulation of the gauged TDGL equations in Since r A(t) 2 W 1;2 ( )] n for every t 0 (see Theorem 1), the time integral is only in L 2 ( )] n for any xed t.
Proofs
In this section we give the proofs of the theorems presented in the preceding section. We begin by recalling some general properties of the fractional powers of the operator A de ned in Eq. (To obtain the last estimate, we used the Sobolev imbedding theorem.) Similar estimates hold for the other terms in ', so ' 2 L 1 (0; T; L 2 ( )] 2 ) and, therefore, 2 C(0; T; W 1+ ;2 ( )] 2 ). It follows that u 2 C(0; T; W 1+ ;2 ), as claimed.
Proof of Theorem 2
Proof. We use Eq. (3.14) to prove the regularity of the solution u of the initial-value problem (3.13).
Let B R be the ball of radius R centered at the origin in W 1+ ;2 . Let u 1 2 B R and u 2 2 B R satisfy Eq. (3.14) with initial data u 10 and u 20 The proof that all points of the omega-limit set of u 0 are equilibrium points is standard; cf. 24, Chapter VII, Proof of Theorem 4.1].
If w = ( ; A ? A H ) 2 !(u 0 ), then E ! S(t)w] = E ! w] for all t > 0, and the same argument as in (i) above leads to the conclusion that !(r A) = 0 in . Since ! > 0, A must be divergence free.
